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Àííîòàöèÿ

Â ðàáîòå íàéäåíû íåêîòîðûå òî÷íûå íåðàâåíñòâà ìåæäó íàèëó÷øè-

ìè ñîâìåñòíûìè ïðèáëèæåíèÿìè �óíêöèé äâóõ ïåðåìåííûõ è èõ ïðî-

ìåæóòî÷íûõ ïðîèçâîäíûõ àëãåáðàè÷åñêèìè �óãëàìè� è óñðåäí�åííûìè

çíà÷åíèÿìè îáîáù�åííîãî ìîäóëÿ íåïðåðûâíîñòè r-ûõ ïðîèçâîäíûõ Drf

(r ∈ N), ãäå D � äè��åðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà ×å-

áûøåâà â ìåòðèêå ïðîñòðàíñòâà L2,µ(Q), Q := {(x, y) : −1 ≤ x, y ≤
1} ñ âåñîì ×åáûøåâà µ := µ(x, y) = 1/

√
(1− x2)(1− y2). Óêàçàí-

íûé îáîáùåííûé ìîäóëü íåïðåðûâíîñòè ïîðîæä�åí ñïåöèàëüíûì îïå-

ðàòîðîì îáîáù�åííîãî ñäâèãà äëÿ ðàçëîæåíèÿ ïðîèçâîëüíîé �óíêöèè

f ∈ L2,µ(Q) â äâîéíîé ðÿä Ôóðüå�×åáûøåâà. Ïîëó÷åííûå ðåçóëüòàòû

â âèäå íåðàâåíñòâ, ñâÿçûâàþùèõ âåëè÷èíû íàèëó÷øåãî ïðèáëèæåíèÿ

�óíêöèé àëãåáðàè÷åñêèìè �óãëàìè� ñ äâîéíûìè èíòåãðàëàìè, ñîäåð-

æàùèõ ìîäóëü íåïðåðûâíîñòè Ωk(Drf ; t, τ)2,µ íà êëàññå L
(r)
2,µ :=

{
f ∈

L2,µ :
∥∥Drf

∥∥
2,µ

< ∞
}
, ÿâëÿþòñÿ òî÷íûìè â òîì ñìûñëå, ÷òî ñóùåñòâóåò

ýêñòðåìàëüíàÿ �óíêöèÿ f0 ∈ L
(r)
2,µ, äëÿ êîòîðîé îíè îáðàùàþòñÿ â ðà-

âåíñòâà.

Êëþ÷åâûå ñëîâà è �ðàçû

ïðèáëèæåíèå �óãëîì�, ÷åáûøåâñêèé âåñ, äè��åðåíöèàëüíûé îïåðàòîð,

ãèëüáåðòîâî ïðîñòðàíñòâî, îïåðàòîð îáîáù�åííîãî ñäâèãà, ìîäóëü íåïðå-

ðûâíîñòè .
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Abstra
t

The paper establishes 
ertain exa
t inequalities between the best simulta-

neous approximations of fun
tions of two variables and their intermediate

derivatives by algebrai
 �angles� and the averaged values of the generalized

modulus of 
ontinuity of the r-th derivatives Drf (r ∈ N), where D is

the se
ond-order Chebyshev di�erential operator in the metri
 of the spa
e

L2,µ(Q), Q := {(x, y) : −1 ≤ x, y ≤ 1} with the Chebyshev weight

µ := µ(x, y) = 1/
√

(1− x2)(1 − y2). The aforementioned generalized

modulus of 
ontinuity is generated by a spe
ial generalized shift operator

used for the expansion of an arbitrary fun
tion f ∈ L2,µ(Q) into a double

Fourier�Chebyshev series. The obtained results are presented in the form of

inequalities that relate the quantities of the best approximation of fun
tions

by algebrai
 �angles� to double integrals involving the modulus of 
ontinuity

Ωk(Drf ; t, τ)2,µ on the 
lass L
(r)
2,µ :=

{
f ∈ L2,µ :

∥∥Drf
∥∥
2,µ

< ∞
}
. These

inequalities are exa
t in the sense that there exists an extremal fun
tion

f0 ∈ L
(r)
2,µ, for whi
h the inequalities be
ome equalities.

Keywords

approximation by �angle�, Chebyshev weight, di�erential operator, Hilbert

spa
e, generalized shift operator, modulus of 
ontinuity.
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�1. Ââåäåíèå

Â ðàáîòå èçó÷àþòñÿ ýêñòðåìàëüíûå çàäà÷è, ñâÿçàííûå ñ íàèëó÷øèìè

ñîâìåñòíûìè ïðèáëèæåíèÿìè �óíêöèé äâóõ ïåðåìåííûõ è èõ ïðîìåæó-

òî÷íûõ ïðîèçâîäíûõ àëãåáðàè÷åñêèìè �óãëàìè� ñ óñðåäí�åííûìè çíà÷åíè-

ÿìè îáîáù�åííîãî ìîäóëÿ íåïðåðûâíîñòè r-ûõ ïðîèçâîäíûõ Drf (r ∈ N),
(ãäåD � äè��åðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà ×åáûøåâà) â ãèëü-

áåðòîâîì ïðîñòðàíñòâå L2,µ(Q), Q := {(x, y) : −1 ≤ x, y ≤ 1} ñ âåñîì

×åáûøåâà µ(x, y) = 1/
√
(1− x2)(1− y2). Ïîëó÷åííûå çäåñü ðåçóëüòàòû

ÿâëÿþòñÿ îáîáùåíèåì ðåçóëüòàòîâ ðàáîòû [1℄ äîêàçàííûõ äëÿ ïîëèíîìè-

àëüíîé ïðèáëèæåíèè �óíêöèé f ∈ L2,µ[−1, 1], µ(x) := 1/
√
1− x2 íà ñëó-

÷àé ïðèáëèæåíèè àëãåáðàè÷åñêèìè �óãëàìè� �óíêöèé äâóõ ïåðåìåííûõ

f ∈ L2,µ(Q).
Îòìåòèì, ÷òî âïåðâûå çàäà÷à ñîâìåñòíîãî ïðèáëèæåíèÿ ïåðèîäè÷å-

ñêèõ �óíêöèé è èõ ïîñëåäîâàòåëüíûõ ïðîèçâîäíûõ òðèãîíîìåòðè÷åñêèìè

ïîëèíîìàìè è èõ ñîîòâåòñòâóþùèìè ïðîèçâîäíûìè â ðàâíîìåðíîé ìåòðè-

êå èññëåäîâàíà À.Ë. �àðêàâè [2℄, à â ñëó÷àå ïðèáëèæåíèÿ �óíêöèé è èõ

ïðîèçâîäíûõ íà âñåé îñè öåëûìè �óíêöèÿìè èçó÷åíà À.Ô. Òèìàíîì [3℄.

Â áîëåå îáùåé ñèòóàöèè çàäà÷à ñîâìåñòíîãî ïðèáëèæåíèÿ �óíêöèé ðàñ-

ñìàòðèâàåòñÿ â ìîíîãðà�èè Â.Í. Ìàëîçåìîâ [4℄, ãäå ïðèâîäèòñÿ îáîáùå-

íèå íåêîòîðûõ êëàññè÷åñêèõ òåîðåì íà ñëó÷àé ñîâìåñòíîãî ïðèáëèæåíèÿ

�óíêöèé. Îòìåòèì, ÷òî äëÿ íåêîòîðûõ êëàññîâ ïåðèîäè÷åñêèõ �óíêöèé, ó

êîòîðûõ óñðåäí�åííûé ñ âåñîì îáîáù�åííûé ìîäóëü íåïðåðûâíîñòè âûñøåãî

ïîðÿäêà â L2 := L2[0, 2π] îãðàíè÷åí ñâåðõó çàäàííîé ìàæîðàíòîé, òî÷íîå

ðåøåíèå ñ�îðìóëèðîâàííîé çàäà÷è íàéäåíî â [5℄. Àíàëîãè÷íàÿ çàäà÷à äëÿ

íåêîòîðûõ êëàññîâ àíàëèòè÷åñêèõ â êðóãå �óíêöèé èç ïðîñòðàíñòâ Õàðäè

è Áåðãìàíà ðàññìîòðåíà â ðàáîòàõ [6, 7℄.

Îòìåòèì, ÷òî ïî ñðàâíåíèþ ñ îäíîìåðíûì ñëó÷àåì, èññëåäîâàíèå âî-

ïðîñîâ ïðèáëèæåíèÿ �óíêöèé äâóõ è áîëåå ïåðåìåííûõ çíà÷èòåëüíî óñëîæ-

íÿåòñÿ ââèäó ïîÿâëåíèå íîâûõ îáñòîÿòåëüñòâ, ñâÿçàííûõ ñ ìíîãîìåðíî-

ñòüþ. Âî � ïåðâûõ, îáëàñòü íà êîòîðîé îñóùåñòâëÿåòñÿ ïðèáëèæåíèå, ìî-

æåò èìåòü âåñüìà ñëîæíóþ ñòðóêòóðó. Òðóäíîñòè âîçíèêàåò ïðè îïèñàíèè

äè��åðåíöèàëüíî - ðàçíîñòíûõ ñâîéñòâ �óíêöèé ìíîãèõ ïåðåìåííûõ, ïî-

ñêîëüêó ýòè ñâîéñòâà ìîãóò áûòü ðàçëè÷íûìè ïî ðàçíûì íàïðàâëåíèÿì.

Ïðè ýòîì óñëîæíÿåòñÿ è ïðèáëèæàþùèé àïïàðàò. Âñ�å ýòî âìåñòå ïðèâî-

äÿò ê òîìó, ÷òî ìåòîäû èññëåäîâàíèÿ ýêñòðåìàëüíûõ çàäà÷, ñóùåñòâåííî
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èñïîëüçóþùèå ñïåöè�èêó îäíîìåðíîãî ñëó÷àÿ, íå âñåãäà óäà�åòñÿ ïåðåíå-

ñòè íà �óíêöèè äâóõ ïåðåìåííûõ. Â ñâÿçè ñ ýòèì òî÷íûõ ðåçóëüòàòîâ â

çàäà÷àõ îòûñêàíèè âåðõíåé ãðàíè ïîãðåøíîñòè ïðèáëèæåíèÿ íà êëàññàõ

�óíêöèé ìíîãèõ ïåðåìåííûõ, ñîâñåì ìàëî.

Ïóñòü L2,µ := L2,µ(Q) � ïðîñòðàíñòâî ñóììèðóåìûõ ñ êâàäðàòîì �óíê-

öèé äâóõ ïåðåìåííûõ f(x, y) â îáëàñòèQ := [−1, 1]×[−1, 1] ñ âåñîì µ(x, y) =

1/
√
(1− x2)(1− y2) è êîíå÷íîé íîðìîé [1℄

‖f‖2,µ := ‖f‖L2,µ(Q) =



∫∫

(Q)

µ(x, y)f 2(x, y)dxdy




1/2

.

Â ïðîñòðàíñòâå L2,µ çàäà÷è ïðèáëèæåíèÿ �óíêöèé äâóõ ïåðåìåííûõ �êðó-

ãîâûìè� ñóììàìè Ôóðüå èçó÷åíû â [8℄, ãäå ïîëó÷åíû íåêîòîðûå àñèìïòî-

òè÷åñêè òî÷íûå îöåíêè è ïðèâåäåíû èõ ïðèëîæåíèÿ â òåîðèè êóáàòóðíûõ

�îðìóë ÷åáûøåâñêîãî òèïà.

Èçâåñòíî, ÷òî â âîïðîñàõ ñõîäèìîñòè òðèãîíîìåòðè÷åñêèõ ðÿäîâ Ôóðüå

ïåðèîäè÷åñêèõ �óíêöèé âàæíóþ ðîëü èãðàåò îïåðàòîð ñäâèãà Thf(x) :=
f(x + h) è îïðåäåëÿåìûå ñ åãî ïîìîùüþ ìîäóëè íåïðåðûâíîñòè ðàçëè÷-

íûõ ïîðÿäêîâ. Â àíàëîãè÷íûõ âîïðîñàõ, ñâÿçàííûõ ñî ñõîäèìîñòüþ ðÿäîâ

Ôóðüå ïî êëàññè÷åñêèì îðòîãîíàëüíûì ïîëèíîìàì àíàëîãè÷íóþ ðîëü èã-

ðàþò îïåðàòîðû îáîáù�åííîãî ñäâèãà è ïîðîæä�åííûå èìè îáîáù�åííûå ìî-

äóëè íåïðåðûâíîñòè.

Â äàííîé ñòàòüå îïåðàòîð îáîáù�åííîãî ñäâèãà ïîçâîëèë ïîëó÷èòü ðÿä

òî÷íûõ ðåçóëüòàòîâ ïðè ðåøåíèè ýêñòðåìàëüíûõ çàäà÷ ïðèáëèæåíèÿ �óíê-

öèé äâóõ ïåðåìåííûõ àëãåáðàè÷åñêèìè �óãëàìè� [9℄.

Â ïðîñòðàíñòâå L2,µ ðàññìîòðèì îïåðàòîð

Fh(f) := Fhf(x, y) =
1

4

[
f
(
x cosh+

√
1− x2 sin h, y cos h+

√
1− y2 sin h

)

+ f
(
x cos h+

√
1− x2 sin h, y cosh−

√
1− y2 sin h

)

+ f
(
x cos h−

√
1− x2 sin h, y cos h+

√
1− y2 sin h

)

+ f
(
x cos h−

√
1− x2 sin h, y cos h−

√
1− y2 sin h

)]
, (1)

êîòîðûé áóäåì íàçûâàòü îïåðàòîðîì îáîáù�åíîãî ñäâèãà.

Ñèìâîëîì F x
t (f) (ñîîòâåòñòâåííî F

y
τ (f)) îáîçíà÷èì äåéñòâèå îïåðàòî-

ðà îáîáù�åííîãî ñäâèãà (1) íà �óíêöèþ f ∈ L2,µ êàê íà �óíêöèþ îò ïåðå-

ìåííîé x (ñîîòâåòñòâåííî y) ïðè �èêñèðîâàííîì çíà÷åíèè ïåðåìåííîé y
(ñîîòâåòñòâåííî x). Ïðè ýòîì ïîëàãàåì

F ν,x
t (f) := F 1

t (F
ν−1,x
t (f)), ãäå ν ∈ N, F 0,x

t (f) = f, F 1,x
t (f) = F x

t (f).
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Àíàëîãè÷íûì îáðàçîì ïîëàãàåì

F µ,y
τ (f) := F 1,y

τ (F µ−1,y
τ (f)), ãäå µ ∈ N, F 0,y

τ (f) := f, F 1,y
τ (f) := F y

τ (f).
Îïðåäåëèì îáîáù�åííûå êîíå÷íûå ðàçíîñòè ïåðâîãî è âûñøèõ ïîðÿäêîâ

ïî ïåðåìåííîé x, èñïîëüçóÿ îïåðàòîð (1). Ïîëàãàåì

∆x
t (f) := F x

t (f)− (f) =
(
F x
t − I

)
f,

ãäå I � åäèíè÷íûé îïåðàòîð â ïðîñòðàíñòâå L2,µ(Q) è äëÿ k ≥ 2, k ∈ N ïî

èíäóêöèè çàïèøåì îáùóþ �îðìóëó

∆k,x
t (f) := ∆1,x

t

(
∆k−1,x

t (f)
)
=
(
F x
t − I

)k
f =

k∑

i=0

(−1)k−1

(
k

i

)
F i,x
t (f). (2)

Àíàëîãè÷íî äëÿ l ≥ 2, l ∈ N áóäåì èìåòü

∆l,y
τ (f) := ∆1,y

τ

(
∆l−1,y

τ (f)
)
=
(
F y
τ − I

)l
f =

l∑

j=0

(−1)l−j

(
l

j

)
F j,x
τ (f) (3)

Èç ñîîòíîøåíèé (2) è (3), ñëåäóÿ âûøåïðèâåäåííîé ñõåìå, ïîëó÷àåì

∆x
t

(
∆y

τ (f)
)
= ∆x

t

(
F y
τ (f)− f

)
= ∆x

t

(
F y
τ − (f)

)
−∆x

t (f)

= F x
t

(
F y
τ

)
− F y

τ (f)− F x
t (f) + f =

(
F x
t − I

)(
F y
τ − I

)
f,

è äëÿ ââåä�åííûõ ñìåøàííûõ êîíå÷íûõ ðàçíîñòåé ïî x è ïî y âûñøèõ

ïîðÿäêîâ èìååì

∆k,x
t

(
∆l,y

τ (f)
)
= ∆1,x

t

(
∆k−1,x

t (∆l,y
τ (f))

)

= ∆k,x
τ

(
∆1,y

τ (∆l−1,y
τ (f))

)
=
(
F x
t − I

)k(
F y
τ − I

)l
f

=

k∑

i=0

l∑

j=0

(−1)k+l−(i+j)

(
k

i

)(
l

j

)
F i,x
t

(
F j,y
τ (f)

)
.

Èç ýòîãî ðàâåíñòâà ñðàçó ñëåäóåò, ÷òî

∆k,x
t

(
∆l,y

τ

)
(f) = ∆l,y

τ

(
∆k,x

t (f)
)
.

Âåëè÷èíó

Ωk,l(f ; δ, η)2,µ = sup
{∥∥∆k,x

t (∆l,y
τ (f))

∥∥
2,µ

: |t| ≤ δ, |τ | ≤ η
}
, (4)

ãäå 0 ≤ δ, η ≤ 1, áóäåì íàçûâàòü îáîáù�åííûì ñìåøàííûì ìîäóëåì íåïðå-

ðûâíîñòè ïîðÿäêà k ïî x è ïîðÿäêà l ïî y �óíêöèè f ∈ L2,µ(Q).
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Ïóñòü äàëåå T0(x) =
1√
π
, Tn(x) =

√
2

π
cos(n arccosx), n = 1, 2, . . . �

îðòîíîðìèðîâàííàÿ ñèñòåìà ìíîãî÷ëåíîâ ×åáûøåâà (ñì., [10, ñ.76℄) â ïðî-

ñòðàíñòâå L2,µ := L2((−1, 1), (
√
1− x2)−1) è

f(x, y) =

∞∑

p=0

∞∑

q=0

cpq(f)Tp(x)Tq(y),

� äâîéíîé ðÿä Ôóðüå�×åáûøåâà, ãäå

cpq(f) =

∫∫

(Q)

µ(x, y)f(x, y)Tp(x)Tq(y)dxdy.

Ñëåäóÿ ñõåìå ðàññóæäåíèé, ïðèâ�åäåííîé â [8, 11℄, ëåãêî äîêàçàòü, ÷òî äëÿ

ïðîèçâîëüíîé �óíêöèè f ∈ L2,µ(Q) â ñìûñëå ñõîäèìîñòè â ìåòðèêå L2,µ(Q)
èìååò ìåñòî ðàâåíñòâî

∆k,x
t (∆l,y

τ (f); x, y) =
∞∑

p=1

∞∑

q=1

cpq(f)(cos pt− 1)k(cos qτ − 1)lTp(x)Tq(y). (5)

Èç (4), ó÷èòûâàÿ ñîîòíîøåíèå (5), ïîñëå íåñëîæíûõ âû÷èñëåíèé ïîëó÷àåì

Ωk,l(f ; δ, η)2,µ := sup
|t|≤δ
|τ |≤η

{
∞∑

p=1

∞∑

q=1

(1− cos pt)2k(1− cos qτ)2lc2pq(f)

}1/2

. (6)

Âñþäó äàëåå

D := (1− x2)
∂2

∂x2
+ (1− y2)

∂2

∂y2
− x

∂

∂x
− y

∂

∂y

� äè��åðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà ×åáûøåâà.

×åðåç L
(r)
2,µ = L

(r)
2,µ(Q,D) îáîçíà÷èì êëàññ �óíêöèé f ∈ L2,µ, ó êîòîðûõ

÷àñòíûå ïðîèçâîäíûå

∂mf

∂xk∂yl
, k + l = m, m = 1, 2, . . . , 2r

ïðèíàäëåæàò òàêæå L2,µ. Ïðè ýòîì, êàê îáû÷íî, ïîëàãàåì

Drf := D(Dr−1f) ∈ L2,µ, D1 := D; D0f = f, L
(0)
2,µ = L2,µ.
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Â [8℄ äîêàçàíî, ÷òî äëÿ êîý��èöèåíòîâ Ôóðüå�×åáûøåâà ïðîèçâîëü-

íîé �óíêöèè f ∈ L
(r)
2,µ èìååò ìåñòî ðàâåíñòâî

cpq(f) = (−1)r(p2 + q2)−rcpq(Drf), p, q ∈ N, r ∈ Z+, (7)

ãäå Z+ := N ∪ 0.
Ó÷èòûâàÿ �îðìóëó (7), èç ðàâåíñòâà (5) ïîëó÷àåì

∆k,x
t (Dl,y

τ (Drf); x, y)

=
∞∑

p=1

∞∑

q=1

cpq(Drf)(cos pt− 1)k(cos qτ − 1)lTp(x)Tq(y)

=
∞∑

p=1

∞∑

q=1

(−1)r(p2 + q2)r(cos pt− 1)k(cos qτ − 1)lcpq(f)Tp(x)Tq(y). (8)

Èç ñîîòíîøåíèÿ (4), â ñèëó �îðìóëû (8) è (6), ïîëó÷àåì

Ωk,l(Drf ; δ, η)2,µ

:= sup
|t|≤δ
|τ |≤η

{
∞∑

p=1

∞∑

q=1

(p2 + q2)2r(1− cos pt)2k(1− cos qτ)2lc2pq(f)

}1/2

. (9)

Âñþäó äàëåå ïîëàãàåì Ωk,k(Drf ; δ, η)2,µ := Ωk(Drf ; δ, η)2,µ.

�2. Îñíîâíûå ðåçóëüòàòû

Ïóñòü L2,µ(x)[−1, 1], ãäå µ(x) = 1/
√
1− x2 åñòü ïðîñòðàíñòâî èçìåðè-

ìûõ �óíêöèé f òàêèõ, ÷òî µ1/2f èíòåãðèðóåìà ñ êâàäðàòîì â ïðîñòðàí-

ñòâå L2[−1, 1]. Ïîëàãàåì, ÷òî Um+1 ⊂ L2,µ(x)[−1, 1] è Vn+1 ⊂ L2,µ(y)[−1, 1] �
êîíå÷íîìåðíûå ïîäïðîñòðàíñòâà ñ áàçèñàìè {Ti(x)}mi=0 è {Tj(y)}nj=0 ñîîò-

âåòñòâåííî, ãäå m,n ∈ Z+. Â ïðîñòðàíñòâå L2,µ(x,y)(Q) ðàññìîòðèì ìíîæå-

ñòâî

G(Um+1, Vn+1) := L2,µ(y)[−1, 1]⊗ Um+1 ⊕ L2,µ(x)[−1, 1]⊗ Vn+1, (10)

ãäå ñèìâîëàìè �⊗� è �⊕� îáîçíà÷åíû ñîîòâåòñòâåííî îïåðàöèè òåíçîðíîãî

ïðîèçâåäåíèÿ è ïðÿìîé ñóììû ìíîæåñòâ. Ýëåìåíòû ìíîæåñòâî (10) ïðåä-

ñòàâèìû â âèäå

gm,n(x, y) :=
m∑

i=0

ϕi(y)Ti(x) +
n∑

j=0

ψj(x)Tj(y), (11)
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ãäå {ϕi(y)}mi=0 ⊂ L2,µ(y)[−1, 1], {ψj(x)}nj=0 ⊂ L2,µ(x)[−1, 1] � ïðîèçâîëüíûå

íàáîðû �óíêöèé èç óêàçàííûõ ïîäïðîñòðàíñòâ. Ôóíêöèè âèäà (11) íà-

çûâàþò �óãëàìè� èç àëãåáðàè÷åñêèõ ïîëèíîìîâ [9℄. Íàïîìíèì, ÷òî ïîíÿ-

òèå �óãëà�, êàê îäíîãî èç ý��åêòèâíûõ àïïàðàòîâ ïðèáëèæåíèÿ �óíêöèé

ìíîãèõ ïåðåìåííûõ, áûëî ââåäåíî Ì.Ê. Ïîòàïîâûì [12℄ è íàøëî øèðîêîå

ïðèìåíåíèå â èññëåäîâàíèè äðóãèõ ìàòåìàòèêîâ (ñì., íàïðèìåð, [13�18℄).

Äàëåå ïðè èçëîæåíèè îñíîâíûõ ðåçóëüòàòîâ äàííîé ñòàòüè áóäåì ñëåäî-

âàòü ñõåìå ðàññóæäåíèé, ïðèâåä�åííîé â [16℄. Äëÿ ïðîèçâîëüíîé �óíêöèè

f ∈ L2,µ ðàâåíñòâîì

Em,n(f)2,µ := inf {‖f − gm,n‖2,µ : gm,n ∈ G(Um+1, Vn+1)} (12)

îïðåäåëèì íàèëó÷øåå ïðèáëèæåíèå ýëåìåíòàìè (11) èç ìíîæåñòâà (10) â

ïðîñòðàíñòâå L2,µ. Â [19℄ äîêàçàíî, ÷òî ñðåäè âñåõ ýëåìåíòîâ gm−1,n−1(x, y)
âèäà (11), ïðèíàäëåæàùèõ ìíîæåñòâó (10), íàèëó÷øåå ïðèáëèæåíèå �óíê-

öèè f äîñòàâëÿåò åå îáîáù�åííûé ïîëèíîì Ôóðüå�×åáûøåâà ñëåäóþùåãî

âèäà

σm,n(f ; x, y) =

m∑

i=0

∞∑

j=0

cij(f)Ti(x)Tj(y)

+

∞∑

i=0

n∑

j=0

cij(f)Ti(x)Tj(y)−
m∑

i=0

n∑

j=0

cij(f)Ti(x)Tj(y).

Ïðè ýòîì

Em,n(f)2,µ = ‖f − σm,n(f)‖2,µ =

{
∞∑

i=m+1

∞∑

j=n+1

c2ij(f)

}1/2

. (13)

Ïîñêîëüêó äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ L
(r)
2,µ, íàðàâíå ñ �óíêöèÿ-

ìè f è Drf, ïîñëåäîâàòåëüíûå ïðîèçâîäíûå Dsf (s = 1, 2, . . . , r − 1) òàê-
æå ïðèíàäëåæàò ïðîñòðàíñòâó L2,µ, òî îïðåäåë�åííûé èíòåðåñ ïðåäñòàâëÿ-

åò îòûñêàíèå òî÷íîé âåðõíåé ãðàíè íàèëó÷øèõ ñîâìåñòíûõ ïðèáëèæåíèé

�óíêöèé è èõ ïðîèçâîäíûõ

Em−1,n−1(Dsf)2,µ := inf
{
‖Dsf −Dsgm−1,n−1‖2,µ : gm−1,n−1 ∈ G(Um, Vn)

}

(14)

íà íåêîòîðîì ïîäêëàññå M
r ⊂ L

(r)
2,µ èëè íà ñàìîì êëàññå L

(r)
2,µ. Òî÷íåå, òðå-

áóåòñÿ íàéòè çíà÷åíèå âåëè÷èíû

E (s)
m−1,n−1(M

(r))2,µ := sup{Em−1,n−1(Dsf)2,µ : f ∈ M
(r)}. (15)

Èìååò ìåñòî ñëåäóþùàÿ
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Òåîðåìà 1. Ïðè ëþáûõ m,n, r ∈ N, s ∈ Z+, r ≥ s ñïðàâåäëèâî

ðàâåíñòâî

sup
f∈L

(r)
2,µ

Em−1,n−1(Dsf)2,µ
Em−1,n−1(Drf)2,µ

=
1

(m2 + n2)r−s
. (16)

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî åñëè â ðàâåíñòâå (13) �óíêöèþ f çàìå-
íèòü íà Dsf (s = 0, 1, . . . , r), òî ïîëó÷àåì ðàâåíñòâî

Em−1,n−1(Dsf)2,µ

:= ‖Dsf − σm−1,n−1(Dsf)‖2,µ =

{
∞∑

p=m

∞∑

q=n

c2pq(Dsf)

}1/2

. (17)

Ïîëüçóÿñü �îðìóëîé (7), äëÿ âåëè÷èíû (17) áóäåì èìåòü

Em−1,n−1(Dsf)2,µ =

{
∞∑

p=m

∞∑

q=n

(p2 + q2)2sc2pq(f)

}1/2

. (18)

Èç (18) ïðè ëþáûõ r ∈ N, s ∈ Z+, r ≥ s ïîëó÷àåì

Em−1,n−1(Dsf)2,µ =

{
∞∑

p=m

∞∑

q=n

(p2 + q2)−2(r−s)(p2 + q2)2rc2pq(f)

}1/2

≤ (m2 + n2)−(r−s)

{
∞∑

p=m

∞∑

q=n

(p2 + q2)2rc2pq(f)

}1/2

= (m2 + n2)−(r−s)Em−1,n−1(Drf)2,µ. (19)

Òàê êàê íåðàâåíñòâî (19) èìååò ìåñòî äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ L
(r)
2,µ,

òî èç íåãî äëÿ âåëè÷èíû, ðàñïîëîæåííîé â ëåâîé ÷àñòè ðàâåíñòâà (16),

ïîëó÷àåì îöåíêó ñâåðõó

sup
f∈L

(r)
2,µ

Em−1,n−1(Dsf)2,µ
Em−1,n−1(Drf)2,µ

≤ 1

(m2 + n2)r−s
. (20)

Ñ öåëüþ ïîëó÷åíèÿ àíàëîãè÷íîé îöåíêè ñíèçó òîé æå âåëè÷èíû ðàññìîò-

ðèì �óíêöèþ

f0(x, y) = Tm(x)Tn(y) ∈ L
(r)
2,µ.

Èç (18) ïðè âñåõ s = 0, 1, . . . , r ñëåäóåò, ÷òî

Em−1,n−1(Dsf0)2,µ = (m2 + n2)s. (21)
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Ó÷èòûâàÿ ïîëó÷åííîå ðàâåíñòâî, çàïèøåì

sup
f∈L

(r)
2,µ

Em−1,n−1(Dsf)2,µ
Em−1,n−1(Drf)2,µ

≥ Em−1,n−1(Dsf0)2,µ
Em−1,n−1(Drf0)2,µ

=
(m2 + n2)s

(m2 + n2)r
=

1

(m2 + n2)r−s
. (22)

Ñîïîñòàâëÿÿ îöåíêó ñâåðõó (20) ñ îöåíêîé ñíèçó (22), ïîëó÷àåì òðåáóåìîå

ðàâåíñòâî (16). Òåîðåìà 1 äîêàçàíà.

×åðåç W (r)L2,µ îáîçíà÷èì êëàññ �óíêöèé f ∈ L
(r)
2,µ, óäîâëåòâîðÿþùèõ

óñëîâèþ ‖Drf‖2,µ ≤ 1. Èç òåîðåìû 1 âûòåêàåò

Ñëåäñòâèå 1. Ïðè âñåõ 0 ≤ s ≤ r ñïðàâåäëèâû ðàâåíñòâà

E (s)
m−1,n−1(W

(r)L2,µ)2,µ

= sup{Em−1,n−1(Dsf)2,µ : f ∈ W (r)L2,µ}
= (m2 + n2)−(r−s). (23)

Äîêàçàòåëüñòâî. Òàê êàê äëÿ ëþáîé �óíêöèè f ∈ W (r)L2,µ

Em−1,n−1(Drf)2,µ ≤ ‖Drf‖2,µ ≤ 1,

òî èç (18) ñëåäóåò îöåíêà ñâåðõó âåëè÷èíû ðàñïîëîæåííîé â ëåâîé ÷à-

ñòè (23):

E (s)
m−1,n−1(W

(r)L2,µ)2,µ ≤ (m2 + n2)−(r−s). (24)

Äëÿ �óíêöèè f1(x, y) = (m2 + n2)−rTm(x)Tn(y), î÷åâèäíî ïðèíàäëåæàùåé
êëàññó W (r)L2,µ è äëÿ êîòîðîé

Em−1,n−1(Dsf1)2,µ = (m2 + n2)−(r−s)

çàïèøåì îöåíêó ñíèçó

E (s)
m−1,n−1(W

(r)L2,µ)2,µ ≥ Em−1,n−1(Dsf1)2,µ = (m2 + n2)−(r−s). (25)

�àâåíñòâî (23) ïîëó÷àåì èç ñîïîñòàâëåíèÿ íåðàâåíñòâ (24) è (25). Ñëåä-

ñòâèå 1 äîêàçàíî.

Òåîðåìà 2. Äëÿ ëþáûõ ÷èñåë m,n ∈ N, r, s ∈ Z+, r ≥ s, óäîâëåòâî-
ðÿþùèõ íåðàâåíñòâàì 0 < mu ≤ π/2, 0 < nv ≤ π/2, ïðè ëþáîì k ∈ N

èìååò ìåñòî ðàâåíñòâî

sup
f∈L

(r)
2,µ

(m2 + n2)r−sEm−1,n−1(Dsf)2,µ{∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ

}k

=

{
mn

(mu− sinmu)(nv − sinnv)

}k

. (26)
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Äîêàçàòåëüñòâî. Ïðèâåä�åì äîêàçàòåëüñòâî (26) ñíà÷àëà ïðè s = 0.

Äîêàæåì, ÷òî äëÿ ëþáîé �óíêöèè f ∈ L
(r)
2,µ èìååò ìåñòî íåðàâåíñòâî

E2
m−1,n−1(f)2,µ −

∞∑

p=m

∞∑

q=n

(cos pt + cos qτ − cos pt cos qτ)c2pq(f)

≤ (m2 + n2)−2r(Em−1,n−1(f)2,µ)
2−1/kΩ

1/k
k (Drf ; t, τ)2,µ. (27)

Â ñàìîì äåëå, åñëè ïîëàãàòü â (9) k = l, òî èìååì

Ω2
k(Drf ; t, τ)2,µ = sup

|h|≤t
|η|≤τ

{
∞∑

p=1

∞∑

q=1

(p2 + q2)2r(1− cos ph)2k(1− cos qη)2kc2pq(f)

}
.

Èñïîëüçóÿ íåðàâåíñòâî �åëüäåðà äëÿ ñóìì, ñ ó÷åòîì (13), ïîëó÷àåì

E2
m−1,n−1(f)2,µ −

∞∑

p=m

∞∑

q=n

(cos pt + cos qτ − cos pt · cos qτ )c2pq(f)

=

∞∑

p=m

∞∑

q=n

(1− cos pt− cos qτ + cos ptcos qτ )c2pq(f)

=

∞∑

p=m

∞∑

q=n

(1− cos pt)(1− cos qτ)c2pq(f)

=
∞∑

p=m

∞∑

q=n

(c2pq(f))
1−1/(2k)(c2pq(f))

1/(2k)(1− cos pt)(1− cos qτ)

≤
(

∞∑

p=m

∞∑

q=n

c2pq(f)

)1−1/(2k)

×

×
(

∞∑

p=m

∞∑

q=n

(1− cos pt)2k(1− cos qτ)2kc2pq(f)

)1/(2k)

= (Em−1,n−1(f)2,µ)
2−1/k

( ∞∑

p=m

∞∑

q=n

(p2 + q2)−2r(p2 + q2)2r

× (1− cos pt)2k(1− cos qτ)2kc2pq(f)
)1/(2k)

≤ (m2 + n2)−r/k (Em−1,n−1(f)2,µ)
2−1/k Ω

1/k
k (Drf ; t, τ)2,µ,

îòêóäà è ñëåäóåò íåðàâåíñòâî (27). Èíòåãðèðóÿ îáå ÷àñòè íåðàâåíñòâà (27)

ïî ïðÿìîóãîëüíèêó {0 ≤ t ≤ u, 0 ≤ τ ≤ v} è ïîäåëèâ ïîëó÷åííîå ñîîòíî-
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øåíèå íà uv, áóäåì èìåòü

Em−1,n−1(f)2,µ −
∞∑

p=m

∞∑

q=n

(
sin pu

pu
+

sin qv

qv
− sin pu

pu
· sin qv

qv

)
c2pq(f)

≤ (m2 + n2)−r/k(E2
m−1,n−1(f)2,µ)

2−1/k 1

uv

∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ. (28)

Íåðàâåíñòâî (28) çàïèøåì â âèäå

Em−1,n−1(f)2,µ ≤
∞∑

p=m

∞∑

q=n

(
sin pu

pu
+

sin qv

qv
− sin pu

pu
· sin qv

qv

)
c2pq(f)

≤ (m2 + n2)−r/k(E2
m−1,n−1(f)2,µ)

2−1/k 1

uv

∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ. (29)

Çàìåòèì, ÷òî

max

{∣∣∣∣
sin t

t
+

sin τ

τ
− sin t

t
· sin τ

τ

∣∣∣∣ : t ≥ mu, τ ≥ nv

}

=
sinmu

mu
+

sinnv

nv
− sinmu

mu
· sinnv

nv
. (30)

Ïîëüçóÿñü ñîîòíîøåíèåì (30), íåðàâåíñòâî (29) ïðèîáðåòàåò ñëåäóþùèé

âèä

E2
m−1,n−1(f)2,µ ≤

(
sinmu

mu
+

sinnv

nv
− sinmu

mu
· sinnv

nv

)
E2
m−1,n−1(f)2,µ

+(m2 + n2)−r/k(E2
m−1,n−1(f)2,µ)

2−1/k 1

uv

∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ. (31)

Èç (31) ñëåäóåò, ÷òî

E2
m−1,n−1(f)2,µ ·

(
1− sinmu

mu

)(
1− sinnv

nv

)

≤ (m2 + n2)−r/k(E2
m−1,n−1(f)2,µ)

2−1/k 1

uv

∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ,

îòêóäà ïîëó÷àåì

(m2 + n2)rEm−1,n−1(f)2,µ

≤
{

mn

(mu− sinmu)(nv − sin nv)

}k {∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ

}k

. (32)
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Òàê êàê ïîëó÷åííîå íåðàâåíñòâî âåðíî äëÿ ëþáîé �óíêöèè f ∈ L
(r)
2,µ, òî èç

(32) ñëåäóåò, ÷òî

sup
f∈L

(r)
2,µ

(m2 + n2)rEm−1,n−1(f)2,µ{∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ

}k

≤
{

mn

(mu− sinmu)(nv − sinnv)

}k

. (33)

Ñîîòâåòñòâóþùóþ îöåíêó ñíèçó ïîëó÷àåì äëÿ ðàíåå ðàññìîòðåííîé íàìè

�óíêöèþ

f0(x, y) = Tm(x)Tn(y) ∈ L
(r)
2,µ

äëÿ êîòîðîé, êðîìå ðàâåíñòâ (21), èç �îðìóëû (9) ïîëó÷àåì

Ωk(Drf0, t, τ)2,µ = (m2 + n2)r(1− cosmt)k(1− cosnτ)k, (34)

ïîëüçóÿñü êîòîðîé äëÿ ëþáûõ (u, v) ∈ [0, π/(2m)]× [0, π/(2n)] çàïèøåì

sup
f∈L

(r)
2,µ

(m2 + n2)rEm−1,n−1(f)2,µ{∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ

}k

≥ (m2 + n2)rEm−1,n−1(f0)2,µ{∫ u

0

∫ v

0

Ω
1/k
k (Drf0; t, τ)2,µdtdτ

}k

=

{
mn

(mu− sinmu)(nv − sinnv)

}k

. (35)

Ñîïîñòàâëÿÿ íåðàâåíñòâà (33) è (35), èìååì

sup
f∈L

(r)
2,µ

(m2 + n2)rEm−1,n−1(f)2,µ{∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ

}k

=

{
mn

(mu− sinmu)(nv − sinnv)

}k

. (36)

Òåïåðü ïîêàæåì, ÷òî òðåáóåìîå ðàâåíñòâî (26) ÿâëÿåòñÿ ñëåäñòâèåì (36).

Ïðè s = 1, 2, . . . , r − 1, r ≥ 2, â ëåâîé ÷àñòè (26), ïîëàãàÿ Dsf = g, îòêóäà
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Drf = Dr−sg, ñ ó÷�åòîì (36) ïîëó÷àåì

sup
f∈L

(r)
2,µ

(m2 + n2)r−sEm−1,n−1(Dsf)2,µ{∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ

}k

= sup
g∈L

(r−s)
2,µ

(m2 + n2)r−sEm−1,n−1(g)2,µ{∫ u

0

∫ v

0

Ω
1/k
k (Dr−sg; t, τ)2,µdtdτ

}k

=

{
mn

(mu− sinmu)(nv − sinnv)

}k

è ðàâåíñòâî (26) äîêàçàíî, ÷åì è çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû 2. Èç

òåîðåìû 2 âûòåêàåò

Ñëåäñòâèå 2. Â óñëîâèÿõ òåîðåìû 2 ïðè u = π/(2m), v = π/(2n),
m,n ∈ N âûïîëíÿåòñÿ ðàâåíñòâî

sup
f∈L

(r)
2,µ

(m2 + n2)r−sEm−1,n−1(Dsf)2,µ{
mn

∫ π/(2m)

0

∫ π/(2n)

0

Ω
1/k
k (Drf ; t, τ)2,µdtdτ

}k
=

(
2

π − 2

)k

.

Ñïðàâåäëèâà òàêæå ñëåäóþùàÿ

Òåîðåìà 3. Ïóñòü m,n ∈ N, r, s ∈ Z+, r ≥ s. Òîãäà, ïðè ëþáîì k ∈ N

ñïðàâåäëèâî ñîîòíîøåíèå

sup
f∈L

(r)
2,µ

(m2 + n2)r−sEm−1,n−1(Dsf)2,µ{
mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf ; t, τ)2,µ sinmt sin nτdtdτ

}k
=

1

4k
. (37)

Äîêàçàòåëüñòâî. Óìíîæèì îáå ÷àñòè (27) íà âåñîâóþ �óíêöèþ

sinmt sin nτ è, èíòåãðèðóÿ ïî îáëàñòè [0, π/m]× [0, π/n], ïîëó÷àåì

4

mn
·E2

m−1,n−1(f)2,µ

−
∞∑

p=m

∞∑

q=n

(
2

n

∫ π/m

0

cos pt sinmtdt +
2

m

∫ π/n

0

cos qτ sin nτdτ

−
∫ π/m

0

cos pt sinmtdt

∫ π/n

0

cos qτ sin nτdτ

)
≤ (m2 + n2)−r/k

×
(
Em−1,n−1(f)2,µ

)2−1/k
∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf ; t, τ)2,µ sinmt sinnτdtdτ.

(38)
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Çàìåòèì, ÷òî ïðè ëþáûõ µ, ν ∈ N, µ ≥ ν

∫ π/ν

0

cosµu sin νudu =





0, åñëè µ = ν,

− 2ν

µ2 − ν2
cos2

(µπ
2ν

)
, åñëè µ > ν,

ïîýòîìó âòîðîå ñëàãàåìîå â ëåâîé ÷àñòè (38) ÿâëÿåòñÿ ïîëîæèòåëüíûì, è

åñëè ìû åãî îòáðàñûâàåì, òî òîëüêî óñèëèì óêàçàííîå íåðàâåíñòâî. Òàêèì

îáðàçîì, äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ L
(r)
2,µ èìååì

4

mn
· E2

m−1,n−1(f)2,µ

≤ (m2 + n2)−r/k
(
Em−1,n−1(f)2,µ

)2−1/k×

×
∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf ; t, τ)2,µ sinmt sin nτdtdτ,

îòêóäà ñëåäóåò, ÷òî

Em−1,n−1(f)2,µ

≤ 1

4k(m2 + n2)r

{
mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf ; t, τ)2,µ sinmt sinnτdtdτ

}k

.

Èç ïîñëåäíåãî íåðàâåíñòâà ñëåäóåò îöåíêà ñâåðõó âåëè÷èíû, ñòîÿùåé â

ëåâîé ÷àñòè (37) ïðè s = 0:

sup
f∈L

(r)
2,µ

(m2 + n2)r Em−1,n−1(f)2,µ{
mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf ; t, τ)2,µ sinmt sinnτdtdτ

}k
≤ 1

4k
. (39)

×òîáû óñòàíîâèòü îáðàòíîå íåðàâåíñòâî çàìåòèì, ÷òî äëÿ ðàíåå ðàññìîò-

ðåííîé íàìè �óíêöèè f0 ∈ L
(r)
2,µ, êðîìå ðàâåíñòâ (21) è (34), òàêæå èìååò

ìåñòî ñîîòíîøåíèå

{
mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf0; t, τ)2,µ sinmt sin nτdtdτ

}k

= 4k(m2 + n2)r,
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âîñïîëüçîâàâøèñü êîòîðûì, çàïèøåì

sup
f∈L

(r)
2,µ

(m2 + n2)rEm−1,n−1(f)2,µ{
mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf ; t, τ)2,µ sinmt sinnτdtdτ

}k

≥ (m2 + n2)rEm−1,n−1(f0)2,µ{
mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf0; t, τ)2,µ sinmt sin nτdtdτ

}k

=
(m2 + n2)r

4k(m2 + n2)r
=

1

4k
. (40)

Òàêèì îáðàçîì, èç (39) è (40) ñëåäóåò ðàâåíñòâî (37) ïðè s = 0:

sup
f∈L

(r)
2,µ

(m2 + n2)r Em−1,n−1(f)2,µ{
mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf ; t, τ)2,µ sinmt sin nτdtdτ

}k
=

1

4k
. (41)

Â îáùåì ñëó÷àå ïðè ëþáûõ r, s ∈ Z+, r ≥ s ðàâåíñòâî (37) ñ ó÷�åòîì (41)

âûòåêàåò èç ñëåäóþùåå ðàâåíñòâî

sup
f∈L

(r)
2,µ

(m2 + n2)r−s Em−1,n−1(Dsf)2,µ{
mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf ; t, τ)2,µ sinmt sin nτdtdτ

}k

= sup
g∈L

(r−s)
2,µ

(m2 + n2)r−s Em−1,n−1(g)2,µ{
mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Dr−sg; t, τ)2,µ sinmt sinnτdtdτ

}k
=

1

4k
.

Òåîðåìà 3 äîêàçàíà.

Ââîäèì êëàññû �óíêöèé, äëÿ êîòîðûõ ðåøàåì ýêñòðåìàëüíóþ çàäà-

÷ó (15). ×åðåç W
(r)
2,µ(Ωk) îáîçíà÷èì êëàññ �óíêöèé f ∈ L

(r)
2,µ, ïðè ëþáûõ

(u, v) ∈ (0, π/(2m)] × (0, π/(2n)], m,n, k ∈ N, r ∈ Z+ óäîâëåòâîðÿþùèõ

óñëîâèþ

mn

∫ u

0

∫ v

0

Ω
1/k
k (Drf ; t, τ)dtdτ ≤ 1.

Àíàëîãè÷íûì îáðàçîì, îáîçíà÷èì ÷åðåç W̃
(r)
m,n(Ωk)2,µ êëàññ �óíêöèé

f ∈ L
(r)
2,µ, ïðè ëþáûõ m,n, k ∈ N, r ∈ Z+ óäîâëåòâîðÿþùèõ óñëîâèþ

mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf ; t, τ)2,µ sinmt sin nτdtdτ ≤ 1.

Â ýòèõ îáîçíà÷åíèÿõ ñïðàâåäëèâà ñëåäóþùàÿ
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Òåîðåìà 4. Ïóñòü m,n, k ∈ N, r, s ∈ Z+, r ≥ s. Òîãäà ñïðàâåäëèâû
ðàâåíñòâà

E (s)
m−1,n−1(W

(r)
2,µ(Ωk)) =

1

(m2 + n2)r−s

{
1

(mu− sinmu)(nv − sinnv)

}k

, (42)

E (s)
m−1,n−1(W̃

(r)
m,n(Ωk)2,µ) = 4−k(m2 + n2)−(r−s). (43)

Äîêàçàòåëüñòâî. Ñõåìà äîêàçàòåëüñòâà ðàâåíñòâ (42) è (43) îäèíàêî-

âà, à ïîòîìó ïðèâîäèì, íàïðèìåð, äîêàçàòåëüñòâî (43). Èç (39) äëÿ ïðî-

èçâîëüíîé �óíêöèè f ∈ L
(r)
2,µ äëÿ ëþáûõ m,n ∈ N, r, s ∈ Z+, r ≥ s èìååì

Em−1,n−1(Dsf)2,µ

≤ 4−k(m2 + n2)−(r−s)

{
mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drf ; t, τ)2,µ sinmt sinnτdtdτ

}k

,

îòêóäà äëÿ ïðîèçâîëüíîé �óíêöèè f ∈ W̃
(r)
2,µ(Ωk) ïîëó÷àåì

Em−1,n−1(Dsf)2,µ ≤ 4−k(m2 + n2)−(r−s)

èëè, ÷òî òî æå,

E (s)
m−1,n−1(W̃

(r)
m,n(Ωk)2,µ) ≤ 4−k(m2 + n2)−(r−s). (44)

Ïðîñòûìè âû÷èñëåíèÿìè ëåãêî ïðîâåðèòü, ÷òî äëÿ �óíêöèè g0(x, y) =
4−k(m2 + n2)−rTm(x)Tn(y),

Em−1,n−1(Dsg0)2,µ = 4−k(m2 + n2)−(r−s), (45)

mn

∫ π/m

0

∫ π/n

0

Ω
1/k
k (Drg0; t, τ)2,µ sinmt sinnτdtdτ = 1, (46)

è â ñèëó (46) g0 ∈ W̃
(r)
m,n(Ωk)2,µ. Ïîýòîìó, ó÷èòûâàÿ ðàâåíñòâî (45), çàïèøåì

E (s)
m−1,n−1(W̃

(r)
m,n(Ωk)2,µ) ≥ Em−1,n−1(Dsg0)2,µ = 4−k(m2 + n2)−(r−s). (47)

Òðåáóåìîå ðàâåíñòâî (43) ïîëó÷àåì èç ñîïîñòàâëåíèÿ îöåíîê ñâåðõó (44)

è ñíèçó (47), ÷åì è çàâåðøàåì äîêàçàòåëüñòâî òåîðåìû 4.

Àâòîðû áëàãîäàðÿò ðåöåíçåíòà çà öåííûå çàìå÷àíèÿ, ñïîñîáñòâóþùèå

óëó÷øåíèþ èçëîæåíèÿ ðåçóëüòàòîâ ñòàòüè.
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